Transport theoretic boundary conditions are derived for acoustic wave re ection and transmission at a rough interface with small random uctuations. The Wigner distribution is used to go from waves to energy transport in the high frequency limit, and the Born expansion is used to calculate the e ect of the random rough surface. The smoothing method is also used to remove the grazing angle singularity due to the Born approximation. The results are presented in a form that is convenient both for theoretical analysis and for numerical computations.
Introduction
Wave propagation in weakly uctuating random media over distances long compared to the wave length can bedescribed by the energy transport equation. This is the radiative transport regime described in the next section. Near boundaries and interfaces the waves undergo coherent or partially coherent re ection and transmission, according as the interfaces are smooth or randomly rough. Starting from the acoustic equations, we derive systematically, boundary conditions for the radiative transport equation. This equation is asymptotically valid away from the boundaries and interfaces. The asymptotic limit that leads to radiative transport corresponds to weak uctuations and high frequency waves, with the correlation length of the inhomogeneities comparable to the wave length. We use the Wigner distribution to analyze this limit, as we did in 23 . The main result of this work is the derivation of the transport boundary conditions 1.3 and 1.4 for re ection and transmission at a rough interface. The boundary conditions are intuitively clear. They combine coherent or specular re ection and transmission, and incoherent or di use re ection and transmission, in the form of a linear input-output relation. If there is no dissipation, as we assume, energy ux is conserved as 1.5 shows. We calculate the explicit form of the coherent and incoherent energy ux re ection and transmission coe cients and cross-sections when the uctuations of the interface are weak. Special cases of these coe cients have been obtained before in the Born approximation 5, 10, 29 . Our results are summarized at the end of section 1.2.
The re ection and transmission coe cients, computed by a Born expansion, are singular at grazing angles. To eliminate the singularity, we recalculate them in Appendix B by using the smoothing method, as was done in 31 .
The Radiative Transport Equation
Radiative transport is a theory that was introduced phenomenologically to describe the propagation of light intensity through the Earth's atmosphere. It has been applied successfully to many other problems of wave propagation in complex media. In its simplest form, at; x; k denotes the angularly resolved energy density de ned for wave v ector k, position x and time t. Because of interaction with the inhomogeneous medium through which it propagates, a wave with wave v ector k may be scattered into any other directionk 0 , wherek = k jkj . Energy balance leads to the transport equation @a t; x; k @t + r k !x; k r x at; x; k , r x !x; k r k at; x; k 1.1 = Z R n x; k; k 0 at; x; k 0 dk 0 , x; kat; x; k: Here n is the dimension of space n = 2 or 3, !x; k is the local frequency at position x o f a w ave with wave vector k, the di erential scattering cross-section x; k; k 0 is the rate at which energy with wave v ector k 0 is converted to wave energy with wave v ector k at position x, and x; k = Z x; k 0 ; kdk 0 1.2 is the total scattering cross-section. The function x; k; k 0 is nonnegative and usually symmetric in k and k 0 . The left side of 1.1 is the total time derivative o f at; x; k a t a p o i n t m o ving along a trajectory in phase space x; k and the right side describes the e ects of scattering.
The transport equation 1.1 is conservative when 1.2 holds because then the total energy is independent of time:
Z Z at; x; kdxdk = const:
Absorption may beaccounted for easily by letting the total scattering cross-section bethe sum of two terms
x; k = sc x; k + ab x; k where sc x; k is the total scattering cross-section given by the right side of 1.2 and ab x; k i s the absorption cross section.
Derivations of 1.1 from equations for wave propagation by many authors are nicely presented in a recent review 22 . See 23 for references. In our work 23 , radiative transport theory for scalar and vector waves, including mode conversion and polarization, was derived in the following regime:
Distances of propagation L are much larger than the wavelength ,
The medium parameters vary on a scale comparable to the wavelength, The mismatch b e t ween the inhomogeneities and the background medium is small, Absorption is small. This regime arises in many p h ysically important situations such as seismic wave propagation, where teleseismic events can be modeled by radiative transport equations 1, 13 .
Half Space Problems and Boundary Conditions
The radiative transport equation 1.1 has been derived in an unbounded domain. Boundary conditions at a at boundary or interface were derived for time harmonic acoustic waves for the monochromatic transport equation without scattering. They can be used with 1.1 in a domain with curved boundaries and interfaces varying on a scale large compared to the wave length because of the separation of scales and weak scattering.
The problem of wave scattering from rough boundaries has been studied extensively 5, 10, 29 . We show that scattering from a rough interface can beincorporated in radiative transport theory under the following conditions:
Wavelength small compared to the curvature of the mean interface Roughness height smaller than or comparable to the wavelength Correlation length of the surface uctuations comparable to the wavelength. We derive explicit formulas for the surface di erential cross sections ij and the re ection and transmission coe cients. For simplicity, w e consider a homogeneous background medium. A generalization to an inhomogeneous medium is presented in 2 . The results remain essentially unchanged but their derivation is substantially more involved. The equation numbers for the explicit formulas are given in Table 1.1. Interface conditions 1.3 and 1.4 are derived when the adjacent media are homogeneous. We expect that they remain valid when the media are random. This is because waves are not trapped near the boundary when the uctuations of the interface are small. A mathematical justi cation of this assumption is not available at present.
Acoustic Wave Transport
We recall how transport equations for the phase space energy densities are constructed 23, 14, 24 . For simplicity w e assume here that the space domain is I R This system may be written as a symmetric hyperbolic system with summation over repeated indices:
Ax @u @t + D j @u @x j = 0 ; The limit Wigner distribution may be decomposed into di erent wave modes in a way that generalizes the plane wave decomposition in a homogeneous medium. The dispersion matrix of the system 2. The rst term corresponds to non-propagating modes and may be set to zero without loss of generality. The last two terms correspond to forward and backward propagating sound waves. The scalar functions a f and a b are related by a f t; x; k = a b t; x; ,k, and a f satis es the Liouville equation @a @t + r k ! r x a , r x ! r k a = 0 :
The functions a f and a b can be interpreted as phase space energy densities since they are nonnegative because the matrix Wt; x; k is non-negative and We will derive transport theoretic boundary conditions assuming that the media adjacent to the interface are homogeneous, with the interface at in this section, and random, in later sections.
In this section we recall brie y the transmission and re ection of time harmonic, acoustic plane Equations 2.11 and 3.5-3.6 give the following relations for the wave amplitudes for i 6 = j
Here R i is the Fresnel re ection coe cient for medium i, and T j is the Fresnel transmission coe cient from medium j into medium i. 3.12
The angles of incidence and refraction i and j are related by Snell's law sin i v i = sin j v j :
3.13
High Frequency Limit: Re ection and Transmission of Energy
To derive interface conditions on a at a at boundary we consider the Wigner transform of the incoming and outgoing waves. We denote by W u the limit as " ! 0 o f W " u " , the Wigner transform of u " de ned by 2.7. The directions of the incident and re ected waves are not overlapping. Then by the general theory 14, 24 , they decouple in the high frequency limit " ! 0 so that W u i x; k = W u i I x; k + W u i R x; k:
3.14 This also may b e c hecked directly using 3.5 and 3.6. We will now show that
3.15 where W n,1 i " is the limit as " ! 0 of the n , 1- The function a i R is supported on the hemisphere of outgoing wave vectors with k n = i k i n and it satis es the same transport equation 3.18.
Since the coe cients R i and T i do not depend on ", w e deduce from 3.10 that
By virtue of 3.15, the rst two terms on the right side of 3.19 are related to the incident energy W u i I . The third term, involving W n,1 i ; j , corresponds to the correlation between amplitudes of waves coming to the surface from opposite sides. We assume that they are uncorrelated, so that W n,1 i ; j = 0: H1 Condition H1 is not satis ed in general; in particular not for two incoming plane waves. However it is satis ed when the wave packets arriving at the interface from di erent sides have uncorrelated random phases. This is the case in the radiative transport regime when waves arriving at the interface have undergone independent m ultiple scattering. Note that evanescent waves disappear in the high frequency regime. Therefore a j x 0 ; 0; k 0 ; k j n = 0 when k j n is imaginary. For incident angles below the critical angle obtained through Snell's law 3.13, the re ection coe cient jR i k 0 j 2 = 1 and no energy is transmitted. These relations also hold if the two adjacent media are deterministic but inhomogeneous, as is shown in 24 . We expect that they hold when the adjacent media are random with weak uctuations.
4 Rough Boundaries
Surface Re ection Operator
Let us assume that the boundary of the domain or the interface between two subdomains is a surface
given by x 0 ; h x 0 . First we describe the re ected and transmitted waves generated by an incident wave, and then derive boundary conditions for the phase space energy density in the high frequency limit.
The rst part of this problem has been studied at length in the past. See 5, 11, 29 . For simplicity w e deal rst with re ected waves without transmission, so the superscript corresponding to the medium can be dropped. Consider an incident plane wave, with k 0 0 the horizontal component of the wave v ector and with amplitude " = 1 : in x = exp ik 0 0 x 0 , ik n k 0 0 x n bk , :
In the region x n h max , the scattered wave can be decomposed into a sum of outgoing plane waves: Let the boundary vary on the scale of the wavelength, let " be proportional to the wave length, and let the scaled boundary h " be given by h " x 0 = "h x 0 " :
Here h is a bounded function. This scaling implies that the roughness height, the scale length of the boundary, and the wavelength are all of the same order. Then S is independent of ". In the high frequency limit an incident w ave has scaled horizontal wave vector k 0 =". Then the change of variables x ! x=" yields the same equation for S as when " = 1 . However, the incoming wave still depends on " through the amplitude " .
In order to express conservation of energy ux at the boundary in a natural way we introduce the amplitudes for energy uxes: 
Re ection and Transmission at a Rough Interface
Let us now consider two homogeneous half spaces separated by a rough interface h. The scalar scattering operator S must be replaced by a t wo b y t wo matrix-valued operator S ij 1i;j2 . When a w ave of unit amplitude is incident in medium j, S ij determines the amplitude of the wave scattered into medium i. As before, we i n troduce the ux amplitudes~ i " and~ i 4.14 Here R ij is de ned by 4.11 and ij by 4.13.
Re ection and Transmission from Small Amplitude Rough Interfaces
We n o w specialize to re ection and transmission at a rough interface with small random uctuations. A straightforward though tedious computation shows that this is indeed true when we use the formulas given above. Note that the scattering cross section 4.22 is positive for every incident and re ected or transmitted angle. Therefore, when the incident angle is smaller than the angle of total re ection for the at interface, only di use energy is transmitted.
To summarize, we have derived boundary conditions for the transport equation 3.18 in two adjacent homogeneous half spaces from the plane wave decomposition 3.5 and 3.6 for both at and rough interfaces, with small uctuations. For slowly varying heterogeneous media with at or smoothly varying interfaces such conditions are derived in detail in 24 . For weakly uctuating random media or heterogeneous media with random rough interfaces no such derivation has been given. In the high frequency limit the boundary conditions for the transport equation must remain valid, but this is di cult to justify. When the uctuations of the interface are small, the interaction of the volume scattering with the surface uctuations must be of higher order and therefore negligible. The total scattering cross-section j is de ned by 1.2.
Derivation of the Dirichlet and Neumann Boundary Conditions

A Derivation of the Interface Conditions
We shall now calculate the re ection coe cients 4.18 and 4.23, and the scattering cross section tensor 4.22. We note rst that the normal vector to the surface x A. 13 We a verage the interface conditions A.12 before inverting them. We note rst that A.14 We solve A.14 for h~ ";2 i and write the result in terms of the tensor R 2 . Then we split the tensor R 2 into two parts, R 2 = R 2;0 + R 2;1 , and we obtain the formulas 4.23.
B Grazing Angles and the Smoothing Method
As has been pointed out by several authors 28, 10, 30, 31 the re ection coe cient blows up as the incidence direction becomes parallel to the mean surface in the case of the Neumann boundary condition. As can be seen from 4.27, the term R This coe cient is nonsingular at grazing angles. The reason why the second Born approximation 4.27 is singular at grazing incidence is that it includes only single and double scattering. At grazing incidence, all the singly scattered waves combine in phase in the direction of the re ected wave, and their sum is in nite. Double scattering alone does not reduce these waves enough to make the sum converge. The smoothing method takes into account some multiple scattering of all orders|that corresponding to the ladder diagrams of diagrammatic resummation methods 25, 27 |and this reduces the scattered waves enough to make their sum converge.
B.1 Smoothing Method for Dirichlet and Neumann Boundary Conditions
The smoothing method is an alternative to the Born expansion which includes ladder diagrams. We will present it in a form suitable for re ection from a random surface with a Dirichlet or Neumann boundary condition, as in 31 .
Vanishing pressure soft boundary condition and vanishing normal velocity at the rough boundary hard boundary condition give equations of the form K,~ = K : We denote by f the average over realizations of a random quantity f. We denote the uctuation by f 0 = f, f . We now use this notation to invert B.6 approximately. Note that the incoming energy ux amplitude~ is independent o f h. We also note from 4.26 that K 1 = 0 . 
B.2 Extension to Interface Problems
We will now use the smoothing method to obtain nonsingular interface re ection and transmission coe cients, following unpublished calculations of John G. Since it does not depend on the angle of incidence, this term is always bounded and does not need to be renormalized. To summarize, the re ection and transmission coe cients given in Table 1 .1, valid in the Born expansion, are now replaced by those in Table B .1 given by the smoothing method.
